Collective dynamics of topological magnetic textures can be thought of as a massive particle moving in a magnetic pinning potential. We demonstrate that inside a cavity resonator this effective mechanical system can feel the electromagnetic radiation pressure from cavity photons through the magneto-optical inverse Faraday and Cotton-Mouton effects. We estimate values for the effective parameters of the optomechanical coupling for two spin textures -a Bloch domain wall and a chiral magnetic soliton lattice. The soliton lattice has magnetic chirality, so that in circularly polarized light it behaves like a chiral particle with the sign of the optomechanical coupling determined by the helicity of the light and chirality of the lattice. Most interestingly, we find a level attraction regime for the soliton lattice, which is tunable through an applied magnetic field.
Introduction.-Cavity optomechanics is an established area in which the effect of radiation pressure on mechanical objects inside microwave cavity resonators is studied [1] . The scope includes an impressive variety of phenomena including laser cooling [2] , parametric instability [3, 4] and chaotic dynamics [5] , optomechanical entanglement [6] and nonclassical photon states [7] . There are a number of applications ranging from high-accuracy sensors for gravitational wave detectors [8, 9] to quantum information processing protocols based on the fundamental principles of the quantum mechanics [1, 10] .
It was demonstrated recently, both experimentally [11, 12] and theoretically [13, 14] , that magnons in magnetic insulators can also feel electromagnetic radiation pressure forces owing to magneto-optical interactions such as the inverse Faraday and Cotton-Mouton effects. These findings established a new direction -cavity optomagnonics which has developed rapidly during the last few years [15] [16] [17] [18] [19] [20] . On a quantum level, optomagnonics describes systems of coupled photons and magnons using an optomechanical Hamiltonian with which various optomechanical effects in magnetic insulators are predicted and described [21] . Cavity optomagnonics, together with spin optodynamics of cold atoms [22, 23] , shapes the basis of modern optospintronics [24] , which targets ultrafast optical control of spin states utilizing cavity resonators to condense the electromagnetic energy [25] [26] [27] [28] [29] [30] [31] [32] .
In this Letter, we propose a realization of coupled spin-photon dynamics that connects cavity optomechanics with optomagnonics. It is well established that lowenergy dynamics of modulated spin textures, such as domain walls in ferromagnets [33] [34] [35] [36] [37] [38] or magnetic soliton lattices in helimagnets [39] [40] [41] [42] , can be described in terms of a few collective coordinates. A canonical example is the equation of motion for a pinned domain wall (DW), which can be expressed in terms of the harmonic oscillator equation
where X(t) is the position of DW, m eff is the effective mass determined by the spin configuration, Γ m is the dissipation parameter, which is proportional to the Gilbert damping, and the oscillator frequency, Ω m , determined by the external pinning of DW to impurities or defects [37] . The force on the right hand side is assigned to arise from a spin torque acting upon the spin texture. In magnetic insulators, spin torque can be of magneto-optical origin [13, 14] . For example, in a circularly birefringent medium the electric field E(ω) is able to generate an effective magnetic field B eff ∼ E(ω) × E(ω) * , which is able to excite collective motion of a DW, thus creating a radiation pressure force on the right-hand side of Eq. (1).
We note that our approach is different from those in Refs. [13, 14] , where three-wave mixing of magnetooptical coupling was applied to (macro)spin dynamics. Collective motion of modulated spin textures makes their behavior similar to actual massive particles moving in the real-space pinning potential energy profile. In what follows, we discuss how this scenario can be realized for two magnetic textures -a Bloch DW and a periodic chiral soliton lattice (CSL) in chiral helimagnets. The latter is typical for uniaxial chiral magnets [43, 44] .
We show that in magnetic insulators with small damping, such as iron garnets, it should be possible to reach high mechanical quality factors together with considerable optomechanical coupling parameters. Potential applications are discussed where we propose CSL for realization of level attraction in optomechanical systems [45] .
The Model.-We begin by considering a DW oscillator in the optical field. Collective dynamics of a DW can be obtained from the spin Lagrangian density [37] which describes semiclassical motion of the spin S = S(cos ϕ sin θ, sin ϕ sin θ, cos θ) parametrized by the angles ϕ(z, t) and θ(z, t), as shown in Fig. 1 (a) . The second term in Eq. (2) is the magnetic energy density of the DW
where J is the ferromagnetic exchange constant, K and K ⊥ are anisotropy parameters, and a is the lattice constant. In the following, we set S = 1 and a = 1 and restore these factors whenever necessary. The last term in Eq. (2) is the pinning potential, which is modeled through a local anisotropy field at z = 0 [46] , with
The static Bloch DW configuration, stabilized by competition of the exchange interaction with the anisotropy energy, is characterized by θ 0 = π/2 and tan ϕ 0 (z)/2 = exp(z/λ DW ), where λ DW = J/K denotes the domain wall width [47] .
The lowest-energy dynamics of DW can be described by the collective coordinate method [33] . For this purpose, we introduce two dynamical variables: the position of the wall, X(t), responsible for its translational motion, ϕ(z, t) = ϕ 0 (z −X(t)), and the amplitude ξ(t) of the outof-plane component, θ(z, t) = π/2+ξ(t)u 0 (z−X(t)). The spacial profile of θ(z, t) is determined by the Pöschl-Teller equation, which gives u 0 (z) = sech(z/λ DW )/ √ 2 [33] . In terms of collective variables, the effective Lagrangian for the translational motion of the Bloch domain wall motion takes the following form
where M = u 0 ∂ z ϕ 0 dz and ∆ = 2K ⊥ λ DW + π 2 K pin /4, and we have kept only leading order terms in ξ(t). The last term in this equation is the potential energy of the pinning given by U pin (X) = −K pin sech 2 (z/λ DW ). Spin relaxation in DW dynamics can be taken into account by a Rayleigh dissipation function, W = α/(2Sa) (∂ t S) 2 dz, where α is the Gilbert damping parameter [37] .
Dissipative Euler-Lagrange equations for L eff can be reduced to the second order equation of motion for a massive particle moving in viscose medium in the pinning potential U pin :
where The Hamiltonian formulation for the Lagrangian in Eq. (4) can be found using the general formalism of Ref. [48] that treats the canonical momentum P X = ∂L eff /∂Ż = Mξ as a constraint. This allows us to exclude ξ(t) and find the effective mechanical Hamiltonian for X(t) [39] :
This Hamiltonian is helpful for analyzing a quantum regime of DW motion, achieved by replacing dynamic variables with operatorsx =
, and b and b † satisfy boson commutation relations. The effective damping Γ m in this case corresponds to the decoherence rate of the quantum oscillator states.
Magneto-optical coupling.-The central idea of this Letter is that inside a cavity resonator, a DW can feel radiation pressure forces from the electromagnetic field similar to that of a suspended mirror in standard optomechanical applications. The microscopic mechanism behind this analogy is the magneto-optical coupling between the electromagnetic field and the spin system [49] . Local spin oscillations modulate the electric permittivity tensor resulting in an interaction energy [50] 
where E(r, t) denotes the complex amplitude of the electric field, E(r, t) = [E(r, t) exp(−iωt)] [51, 52] . The electric permittivity can be expanded in power series of the spin density, δε ij (r) = if ijk S k (r) + β ijkl S k (r)S l (r) + . . ., where the magneto-optical coupling tensors f ijk = −f jik and β ijkl = β jikl = β ijlk = β jilk are related to the Faraday and Cotton-Mouton effects respectively [49] . Inside the cavity, the electric permittivity determines the frequency of cavity modes, ω cav (X), which becomes dependent on the position of the DW [53] . This is similar to how a suspended mirror modulates the frequency in optomechanics [1] . Expanding ω cav (X) near the local minimum, ω cav (X)a † a = [ω cav + (∂ω cav /∂X)X + . . .]a † a, we obtain the magneto-optical interaction −GX(t)a † a, between the DW and the cavity photons described by the a † and a operators, with microscopic details contained in the coupling parameter G = −(∂ω cav /∂X).
In order to illustrate the microscopic mechanism, we consider a possible experimental setup in Fig. 1 (c) , where electromagnetic-field standing waves along the xdirection interact with Bloch DW along the z-axis. For illustration, let us consider only the inverse Faraday effect, so that δε ij = if ijk S k , where ijk is the Levi-Civita symbol. In this case, the coupling energy in Eq. (7) can be expressed in terms of the spatially uniform effective magnetic field B x eff ∼ i e x · (E × E * )dx applied parallel to the magnetization direction of magnetic domains connected by DW.
As is well-know [54] , the uniform magnetic field in such configuration can move DW, so that B x eff couples directly to the domain wall position.
Quantizing the electric field inside the cavity, E(x, t) = −i nλ ( ω n /ε 0 V ) 1/2 sin(πnx/L x )e λ a nλ , where ω n are the frequencies of cavity eigenmodes, and e λ = (0, λ, −i)/ √ 2 (λ = ±1) are the polarization vectors in the helicity basis, we find an explicit expression for the magneto-optical coupling between DW and the cavity photons:
Here g 0 = 1 4 f S eff ω cav is the single photon coupling for the nth mode with ω n = ω cav , and S eff = x ZPF A ⊥ /V where A ⊥ is the cross section of the sample, and V is the volume of the cavity. The dimensionless parameter S eff is proportional to the total number of spins involved into collective motion. Since this number is macroscopic, g 0 can reach the same orders of magnitude as estimated for macrospin fluctuations in optomagnonics [14] .
We now estimate values for the mechanical parameters of the DW oscillator coupled to the optical field. For iron garnet ferromagnetic insulators assuming K ⊥ ≈ 0.1 K, λ DW ≈ 100 nm, a ≈ 1 nm [55] . The effective mass m eff ≈ 2 /(K ⊥ λ DW a) is estimated as 10 −27 kg; and the oscillator frequency Ω m ≈ (2K pin K ⊥ a/λ DW ) 1/2 ≈ 10 9 s −1 . For yttrium-iron-garnet, the damping parameter can be as low as 3 × 10 −5 [56] , which gives the quality factor
For the single photon coupling, we estimate g 0 /ω cav ≈ 10 −4 , where we used S eff = 10 −6 and f = 2cφ F √ ε/ω cav ≈ 5 × 10 2 for ω cav = 10 9 s −1 , φ F = 240
• cm −1 , and ε = 5 [55] .
Magnetic soliton lattice.-Another topological structure that may have potential applications in the context of cavity optomechanics is the chiral soliton lattice (CSL), which is typically found in uniaxial chiral helimagnets [43] . Similar to a DW in that it has a twisted structure, a CSL is determined by competition between the exchange, the Dzyaloshinskii-Moriya interaction (DMI) and the Zeeman energy in external static magnetic field applied perpendicularly to the chiral axis. The equilibrium spin configuration of a CSL can be thought of as a periodic array of equally spaced 360
• domain walls with period determined by applied magnetic field (see Fig 2 (a) ). This is formally de-scribed by the Jacobi amplitude elliptic function ϕ 0 (z) = π + 2 am(2KL −1 CSL z, κ) and is characterized by the topological winding number, n kink = (2π) −1 ∂ z ϕ 0 (z)dz, where L CSL = 8K(κ)E(κ)J/(πD) is the lattice period, K (E) is the complete elliptic integral of the first (second) kind with the elliptic modulus κ, and D is DMI constant. The elliptic modulus κ is determined by the external field H x via the transcendent equation, H x /H c = κ/E(κ), which has a solution for H x < H c . The critical field 2µ B H c = π 2 D 2 /(16J) marks the incommensurateto-commensurate transition to the forced ferromagnetic state, where L CSL diverges and n kink vanishes [57] . At zero magnetic field, the CSL is reduced to a helical spin ordering.
Collective dynamics of CSL can be described in the same way as dynamics of Bloch DW. We introduce the position X(t) and the out-of-plane component δθ(z, t) = ξ(t)u 0 (z − X(t)), where the spatial profile
CSL z, κ) is now determined by the Lamé equation. The resulting equations of motion for the CSL are identical to Eqs. (5) and (6) with new mechanical parameters
. The effective mass, m CSL , is proportional to the density of kinks, which shows a strong dependence on H x in the vicinity of H c (see Fig. 2 (b) ). In contrast, the magnetic-field dependence of Γ m is relatively weak.
Low-energy dynamics of a pinned CSL depends on the position of the pinning site. We choose the pinning energy in the form of a local easy x-axis anisotropy field at the center of the ferromagnetically ordered domain, Fig. 2 (e) ). In this case, in the harmonic approximation the oscillator frequency
decreases to zero as ferromagnetically ordered regions grow with magnetic field, as shown in Fig. 2 (c) .
The magneto-optical coupling mechanism for CSL is different from those for Bloch DW. In order to excite collective motion of CSL, the magnetic field should be switched along the direction of the CSL axis, rather than perpendicularly to it, as for the DW, since the transverse magnetic field only modifies the period of CSL and has no impact on collective dynamics. In contrast, the magnetic field pulse applied parallel to the chiral axis couples directly to the momentum P X = ξ/( M) of the CSL and induces sliding motion [41, 42] .
To couple CSL with the optical field, we use the cavity configuration shown in Fig. 2 (e) where the cavity standing waves generate B eff = B z effẑ along the z-direction, so that B z eff couples to S z ∼ ξ(t). Equation (7), in this situation, gives the following coupling strength between the CSL and the cavity modes
where [58] . The coefficient Q 2 does not show a strong dependence on magnetic field and can be estimated as J/(2D). In small magnetic fields, the single photon coupling strength is given by
. Note that the sign of g 0 in Eq. (9) is sensitive to the sign of DMI, which controls the magnetic chirality of the CSL. This means that in circularly polarized light, CSL behaves like a chiral mechanical object with the sign of applied radiation pressure force determined by helicity of the light and geometrical chirality of the structure.
We can estimate the effective mass of CSL in zero applied magnetic field as m CSL ≈ n kink × 10 −26 kg for D ≈ 0.1 K. This is approximately n kink times larger than the mass of a single domain wall [39] . Typically, in millimeter-size samples n kink ≈ 10 4 , which gives m CSL ≈ 10 −22 kg. Taking K pin ≈ 0.1 K and D/J ≈ 10 −3 , we obtain the effective mechanical frequency in zero field Ω CSL = πK pin D 3 /( 2 J 2 n kink ) ≈ 0.1 × 10 6 s −1 , i. e. in the megahertz range, and the effective damping Γ m = 2παD 2 /( J) gives a quality factor (8) and (9) can be useful for realizing various optomechanical applications [1] with spin textures as effective mechanical subsystems, for example, such as optical cooling of the domain wall motion (similar to optical cooling of magnons in optomagnonics [21] ). Low spin damping and the high tunability of such structures as a CSL are key ingredients for functionality and applications.
For illustration, we propose a CSL for realization of the level attraction picture proposed recently in Ref. [45] . Since the parameters of a CSL naturally depend on the applied magnetic field, it can be used as a control parameter to drive pumped blue-detuned system of CSL coupled to cavity photons towards instability.
To realize level attraction, we use the linearized optomechanical Hamiltonian in the rotating wave approxi-mation for a blue detuning regime [1]
√ n cav denotes the optomechanical coupling strength, a and a † denote the fluctuating part of the cavity field, such as a R = √ n cav + a with n cav being the number of coherent cavity photons. We consider only the right-polarized mode. The eigenfrequencies of Hamiltonian in Eq. (10) are
This shows level attraction in the region 2g(H x ) < |∆ − Ω CSL (H x )| bounded by two exceptional points where the real parts of the frequencies coalesce, as shown in Fig. 3 . Inside this region, an instability develops that resembles synchronization of two oscillators, where the amplitude of one mode shows exponential growth while the other is suppressed [45] .
Summary.-We propose to use collective dynamics of spin textures in ferromagnetic insulators as a model of mechanical subsystems in optomechanical applications using the inverse Faraday effect as a coupling mechanism. When collective dynamics are excited by cavity electromagnetic modes, spin textures move in real space similar to actual mechanical particles. Our approach is illustrated on two topological spin structures -the Bloch domain wall and the chiral soliton lattice. The latter is a highly tunable structure with the effective mechanical parameters that depend strongly on an applied magnetic field. This fact allows us to propose it as a realization of level attraction as proposed for microwave resonators. 
